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Introduction
In this work we study some distance-based graph invariants and polynomials, and find relations between them. Let G be a connected graph, V (G) its vertex set, n the number of its vertices, and m the number of its edges.
Let x and y be vertices of the graph G . The distance d(x, y) between them (equal to the length of the shortest path connecting them) is denoted A much studied distance-based graph invariant is the Wiener index , defined as
which also can be written as
For details on the mathematical properties of the Wiener index see the reviews [1, 2] . Hosoya [3] introduced a distance-based graph polynomial
nowadays called the "Hosoya polynomial". A less usual, yet equivalent, form in which this polynomial can be written is
As easily seen from Eqs. (2) and (3) or from (1) and (4), the first derivative of the Hosoya polynomial at λ = 1 is equal to the Wiener index.
In connection with certain investigations in mathematical chemistry, Schultz [4] considered a graph invariant that he called "molecular topological index" and whose essential part is the Schultz index S ,
The Schultz index attracted some attention after it was discovered that in the case of trees it is closely related to the Wiener index [5] :
tree on n vertices, then its Schultz and Wiener indices are related as
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Motivated by Eqs. (5) and (6), the present author [6] examined an invariant S * ,
which here we refer to as the modified Schultz index . A result analogous to Theorem 1 applies [6] :
is a tree on n vertices, then its modified Schultz and Wiener indices are related as
S * (G) = 4 W (G) − (n − 1)(2n − 1) .(8)
Graph Polynomials Related to the Schultz and Modified Schultz Indices
Bearing in mind Eqs. (4), (5), and (7), it is easy to construct graph polynomials having the property that their first derivatives at λ = 1 are equal to the Schultz and modified Schultz indices. These polynomials are
In view of Eqs. (6) and (8) one may ask if there exist relations between the polynomials H 1 and H 2 and the Hosoya polynomial, in particular in the case of trees. The answer to this question is affirmative, and we have Theorem 3. If G is a tree on n vertices, then the polynomials H 1 (G, λ) and H(G, λ) are related as
Theorem 4. If G is a tree on n vertices, then the polynomials H 2 (G, λ) and H(G, λ) are related as
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Proof of Theorem 3
Lemma 5. If G is a tree, then 
can be viewed as going over all pairs of vertices x, z of the tree G , where z is adjacent to y and is at greater distance from x than y . Because G is a tree, there exist exactly δ y − 1 such vertices, and their distances to x are equal to d(x, y) + 1 . In other words, the above sum is equal to the sum of the terms λ d(x,z) over all pairs of vertices of the tree G whose distance is 2 or greater, i. e.,
x =y
By the very same argument,
By adding (14) and (15) we obtain (13). 2 P r o o f of Theorem 3. Bearing in mind Lemma 5, we rewrite the right-hand side of (9) as
Now, by Lemma 5,
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If x = y then d(x, y) = 0 and the second term on the right-hand side of (16) is equal to
By (4), the third term on the right-hand side of (16) is just twice the Hosoya polynomial. We thus get
Taking into account that
we directly arrive at formula (11). 2 Formula (6) can now be obtained as a simple corollary of Theorem 3. Indeed, one just has to compute the first derivative of (11), set λ = 1 , and use the relations H(G, 1) = n(n + 1) and H (G, 1) = W .
Proof of Theorem 4
Lemma 6. If G is a tree, then
P r o o f. The sum
can be viewed as embracing all pairs of vertices z, z of the tree G , where z is adjacent to x and is at greater distance from y than x , and z is adjacent to y and is at greater distance from x than y . Because G is a tree, there exist exactly δ x − 1 vertices z and δ y − 1 vertices z , and thus a total of (δ x − 1)(δ y − 1) vertex pairs z, z . The distance of each such vertex pair is d(x, y) + 2 . This implies that the above sum is equal to the sum of the In view of Lemma 6, we rewrite the right-hand side of (10) as
Then by Lemma 6,
whereas the third and fourth terms on the right-hand side of (18) are just the polynomials H 1 (G, λ) and H(G, λ) , respectively. The second term in (18) is simply
Therefore,
By taking into account that
recalling that in the case of trees [7] d(G, 2) = 1 2 x∈V (G) (δ x ) 2 − (n − 1), and using the expression (11) for H 1 (G, λ) , we arrive at Eq. (12), that is at Theorem 4. 2 Formula (8) becomes now a corollary of Theorem 4. It is obtained by setting λ = 1 into the first derivative of (12), using the relations (2) and (7), as well as H(G, 1) = n(n + 1) and H (G, 1) = W .
